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In the nonsignaling framework, nonclassicality in correlation arising from two spatially separated input-output
devices gets manifested, solely, through its nonlocal behavior. Study of correlations based on this said feature is
commonly known as local-nonlocal paradigm. While in two-party scenario correlations can be of only two types
either local or nonlocal, the situation gets more involved for multi-party scenario, e.g., for tripartite scenario,
correlations can be of three types: fully local, two-way local, and genuinely nonlocal. Nonsignaling correlations
having quantum realization are termed physical. Fully local and certain quantum realizable two-way local
tripartite correlations always have a quantum realization with tripartite biseparable states if there is no restriction
on the local Hilbert-space dimensions. In this work, we study the quantum simulation of fully local and two-way
local tripartite correlations with restricted local Hilbert-space dimensions, in particular we consider C2⊗C2⊗C2
quantum systems. Interestingly, in this restricted simulation scenario we find that simulation of certain fully
local and two-way local correlations necessarily requires genuine quantumness in the three qubit states. This,
going beyond the standard nonlocality paradigm, captures a new notion of genuine nonclassicality even in the
fully local and two-way local correlations. To explore this newly introduced notion of genuine nonclassicality,
we propose two quantities of interest, called Svetlichny strength and Mermin strength, and extensively study
their properties.
PACS numbers: 03.65.Ud, 03.67.Mn, 03.65.Ta
I. INTRODUCTION
Correlations in the outcomes of local measurements per-
formed on entangled states are in general incompatible with
local hidden variable (LHV) models. This feature of quantum
correlations is commonly known as nonlocality and was first
pointed out by J. S. Bell in his seminal 1964 paper [1]. Bell
studied such nonlocal correlations in the case of bipartite sce-
nario, i.e., for correlations arising from local measurements
performed on two spatially separated systems. In the multi-
partite scenario (involving more than two spatially separated
systems), the nonlocal behavior can be manifested in differ-
ent ways [2]. In particular, for tripartite scenario, Svetlichny
showed that quantum correlations can have genuine nonlocal-
ity in the sense that they cannot be explained by a hybrid local-
nonlocal hidden variable model, and such genuine nonlocality
can be witnessed by the violation of a Svetlichny inequality
(SI) [3].
It is important to note that though quantum theory (QT)
exhibits nonlocal behavior, it does not contradict relativistic
causality principle (also known as non-signaling (NS) princi-
ple). Moreover, QT is not the only NS theory that exhibits
nonlocalily. In a seminal paper [4], Popescu and Rohrlich
(PR) provided an example of a hypothetical correlation that
is more nonlocal than QT, but nevertheless, satisfies the NS
principle. This initiated the study of nonlocal correlations
in a more general framework than QT known as generalized
nonsignaling theories (GNST) [5, 6]. Within the framework of
GNST, correlations are treated as arising from “black boxes”
which are input-output devices. A correlation will be called
quantum if it can be realized by a set of local measurements
on a composite quantum system.
∗ jebarathinam@gmail.com
A bipartite quantum state must be entangled one in order
to give rise to nonlocal correlations, i.e., within QT entan-
glement is necessary for exhibiting nonlocality. On the other
hand, any local correlation always has a quantum realization
with some separable quantum state. In recent past it was
shown that even mixed separable states can have nonclas-
sical correlations [7–9] which motivated the study of quan-
tum correlations beyond entanglement. Such correlations are
named as quantum discord which has been shown to be use-
ful resource for different information theoretic tasks [10, 11].
Quantum states with zero discord are called classically corre-
lated states which can always be written as a convex mixture
of some orthonormal product basis states [12, 13]. Very re-
cently genuine tripartite quantum discord, a generalized mea-
sure of genuine tripartite quantum correlations, has been stud-
ied in [14–16].
As mentioned earlier, in the tripartite scenario, violation of
a SI is sufficient to certify genuine nonlocality in a correla-
tion. A correlation can be non-genuine in two ways: either
it is fully local or it is two-way local [17]. In this tripartite
scenario, there are two-way local correlations that violate a
Mermin inequality (MI) [18]. Note that not all two-way local
correlations are quantum realizable, whereas all the fully lo-
cal correlations are quantum [17]. Here our main interest is
to study quantum realizable tripartite correlations. The obser-
vation of genuine nonlocality implies the presence of genuine
entanglement in a device-independent (DI) way (i.e., without
any assumption on the measured system as well as the mea-
surements performed). It is known that the observation of a
two-way local correlation that violates a MI more than 2
√
2
also implies the presence of genuine entanglement in a DI way
[19–21]. Note that all the fully local correlations and two-way
local correlations that do not certify genuine entanglement in
a DI way can be simulated by fully separable and biseparable
states respectively [2, 22].
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2Nonlocal cost is a measure of nonlocality which is based on
the Elitzur-Popescu-Rohrlich (EPR2) decomposition [23]. In
the EPR2 approach, a given correlation (box) is decomposed
in a convex mixture of a nonlocal part and a local part, with the
weight of the nonlocal part minimized. For a correlation that
violates a SI, the nonlocal cost is obtained by minimizing the
weight of a pure genuinely nonlocal box known as Svetlichny
box. In the case of a (quantum realizable) two-way local cor-
relation that violates a MI more than 2
√
2, the nonlocal cost
is obtained by minimizing the weight of a pure nonlocal box
which we call Mermin box. In this paper, we call the maxi-
mal Svetlichny-box weight of a correlation that violates a SI
Svetlichny strength (SS) and the maximal Mermin-box weight
of a correlation that violates a MI Mermin strength (MS).
The observation that certain fully local correlations have
nonzero SS or nonzero MS motivates us to ask whether the
quantum simulation of these correlations requires genuine
quantumness in the states. The answer is no when there is no
restriction on the local Hilbert-space dimensions. Therefore,
we put the constraint that for simulating those correlations one
cannot use quantum states of arbitrary local Hilbert-space di-
mensions. More specifically to say we consider only three-
qubit quantum systems (i.e., quantum systems with Hilbert
space C2 ⊗ C2 ⊗ C2) to simulate the fully local and two-way
local tripartite correlations. In this restricted simulation sce-
nario, we find the following interesting observations:
(i) certain two-way local correlations cannot be simulated
by biseparable states of C2 ⊗C2 ⊗C2 systems which do
not have genuine quantum discord;
(ii) moreover, there exist two-way local correlations that
cannot be simulated with quantum states of C2⊗C2⊗C2
systems having genuine quantum discord, rather gen-
uine entanglement is necessary, even if they do not cer-
tify genuine entanglement in a DI way;
(iii) even for simulation of certain fully local correlations
by C2⊗C2⊗C2 systems, one requires genuine quantum
discord states.
These observations motivate us to characterize the (genuine)
nonclassicality present in the local as well as two-way local
correlations by using the two quantities SS and MS. Our study
thus goes beyond the standard locality-nolocality paradigm,
since it captures the (genuine) nonclassicality present in the
fully local as well as two-way local correlations: the quantum
states must contain genuine quantum correlations in the form
of genuine discord, when those correlations are supposed to
be simulated by quantum states of restricted local dimensions.
For a general tripartite NS correlation belonging to Svetlichny
polytope, a proper sub-polytope of the full NS polytope, we
obtain a canonical decomposition with three different boxes:
(a) a Svetlichny box which violates the SI maximally, (b) a
two-way local box that violates the MI maximally, and (c) a
box that belongs to a subregion of the two-way local polytope.
In this decomposition, the weights of the boxes (a) and (b) are
called SS and MS respectively. In the canonical decomposi-
tion, the presence of genuine nonclassicality is manifested in
three different ways: when only SS is nonzero, or only MS is
nonzero, or both SS and MS are nonzero.
The paper is organized as follows. In Sec. II, we review the
geometry of the full tripartite nonsignaling polytope. In Sec.
III, we restrict ourselves to the Svetlichny-box polytope and
we introduce two notions of genuine nonclassicality, namely
Svetlichny strength and Mermin strength. In Sec. IV, we ana-
lyze genuine nonclassicality of boxes arising from three-qubit
states with respect to these two notions. Lastly, we present our
conclusions in Sec. V.
II. PRELIMINARIES
We consider the following tripartite scenario. Three spa-
tially separated parties, say Alice, Bob, and Charlie, share a
tripartite NS box with two binary inputs and two binary out-
puts per party. Let x, y, and z denote the inputs and a, b,
and c denote the outputs of Alice, Bob, and Charlie respec-
tively, where x, y, z, a, b, c ∈ {0, 1}. The correlation between
the outputs is captured by the set of conditional probability
distributions (CPDs), P(abc|xyz). In addition to positivity and
normalization, the CPDs satisfy NS constraints, that read,∑
a
P(abc|xyz) = P(bc|yz) ∀b, c, x, y, z, (1)
and permutations of the parties, i.e., marginal distribution of
any two parties of the box is independent of the input chosen
by the other party. The set of such NS boxes forms a convex
polytope N in a 26 dimensional space [17]. Any box belong-
ing to this polytope can be fully specified by 6 single-party,
12 two-party and 8 three-party expectations,
P(abc|xyz) = 1
8
[1 + (−1)a 〈Ax〉 + (−1)b 〈By〉 + (−1)c 〈Cz〉
+ (−1)a⊕b 〈AxBy〉 + (−1)a⊕c 〈AxCz〉 + (−1)b⊕c 〈ByCz〉
+ (−1)a⊕b⊕c 〈AxByCz〉], (2)
where 〈Ax〉 = ∑a(−1)aP(a|x), 〈AxBy〉 = ∑a,b(−1)a⊕bP(ab|xy)
and the other expectations are similarly defined, ⊕ denotes
modulo sum 2.
The set of boxes that can be simulated by a fully LHV
model are of the form,
P(abc|xyz) =
∑
λ
pλPλ(a|x)Pλ(b|y)Pλ(c|z), (3)
and they form a local polytope [24, 25] denotedL. Here, λ de-
notes shared classical randomness which occurs with proba-
bility pλ. The extremal boxes of L are 64 local vertices which
are fully deterministic boxes,
PαβγζηD (abc|xyz) =

1, a = αx ⊕ β
b = γy ⊕ 
c = ζz ⊕ η
0, otherwise.
(4)
Here, α, β, γ, , ζ, η ∈ {0, 1}. These deterministic boxes can
be written as the product of marginals corresponding to each
3party, i.e., PD(abc|xyz) = PD(a|x)PD(b|y)PD(c|z). Boxes lying
outsideL are called nonlocal boxes and they cannot be written
as a convex mixture of the local deterministic boxes alone.
In Ref. [26], Pironio et. al. found that the full NS polytope
N has 53856 extremal boxes (vertices) which can be classified
into 45 different classes of nonlocal vertices and a class com-
prising local vertices. The vertices in each class are equivalent
in the sense that they can be converted into each other through
local reversible operations (LRO) and permutations of the par-
ties. LRO, which are analogous to local unitary operations in
quantum theory, include local relabeling of the inputs and out-
puts. For instance, the operations x→ x⊕1 and a→ a⊕αx⊕β
on Alice’s side are local reversible.
Nonlocal boxes can be classified into genuinely three-way
nonlocal and two-way local boxes. A nonlocal box is gen-
uinely three-way nonlocal if and only if (iff) it cannot be sim-
ulated by a hybrid local-nonlocal NS model [27],
P(abc|xyz) = p1
∑
λ
pλP
AB|C
λ + p2
∑
λ
qλP
AC|B
λ
+ p3
∑
λ
rλP
A|BC
λ , (5)
where PAB|Cλ = Pλ(ab|xy) Pλ(c|z), and, where PAC|Bλ and PA|BCλ
are similarly defined. Each bipartite distribution in this de-
composition can have arbitrary nonlocality consistent with the
NS principle.
The set of boxes that admit a decomposition as in Eq. (5)
again forms a convex polytope which is called two-way local
polytope denoted L2. The extremal boxes of this polytope are
the 64 local vertices and 48 two-way local vertices which are
the bipartite PR-boxes. There are 16 two-way local vertices in
which a PR-box [4] is shared between A and B,
Pαβγ12 (abc|xyz)
=
{
1
2 , a ⊕ b = x · y ⊕ αx ⊕ βy ⊕ γ & o = γk ⊕ 
0, otherwise, (6)
and the other 32 two-way local vertices, Pαβγ13 and P
αβγ
23 , in
which a PR-box is shared by AC and BC are similarly de-
fined. The extremal boxes in Eq. (6) can be written in the
factorized form, Pαβγ12 (abc|xyz) = PαβγPR (ab|xy)PγD (c|z), where
PαβγPR (ab|xy) are the 8 PR-boxes given by the relation in Eq. (6)
and PγD (c|z) = δzc⊕γz⊕ . The set of two-way local boxes satisfy,L ⊂ L2 ⊂ N . A three-way nonlocal box cannot be written as
a convex mixture of the extremal boxes of L2 alone and vio-
lates a facet inequality ofL2. Bancal et. al. [27] found thatL2
has 185 classes of facet inequalities which include Bell-type
inequalities detecting three-way nonlocality.
In this work, we consider two classes of 3-way nonlocal
vertices that belong to the classes 8 and 46 given in the table
of Pironio et. al. [26]. The extremal three-way nonlocal boxes
that belong to the class 46 are 16 Svetlichny-boxes which are
given as follows:
PαβγSv (abc|xyz)
=
{
1
4 , a⊕b⊕c= x · y⊕x · z⊕y · z⊕αx⊕βy⊕γz⊕
0, otherwise. (7)
A Svetlichny box, PαβγSv , violates one of the class 185 facet
inequalities,
Sαβγ =
∑
xyz
(−1)x·y⊕x·z⊕y·z⊕αx⊕βy⊕γz⊕ 〈AxByCz〉 ≤ 4, (8)
to its algebraic maximum of 8. A class 185 facet inequality
is known as Svetlichny inequality which detects the strongest
form of three-way nonlocality [3].
Definition 1. A NS box is said to exhibit Svetlichny nonlocal-
ity if it violates a Svetlichny inequality.
We will refer to the boxes which do not violate a SI as
Svetlichny-local.
A tripartite NS box is quantum if it can be expressed
through the Born’s rule, i.e.,
P(abc|xyz) = Tr
(
ρMaAx ⊗ MbBy ⊗ McCz
)
, (9)
where ρ is a tripartite quantum state (density matrix) acting on
the composite Hilbert spaceHA⊗HB⊗HC , whereHK denotes
Hilbert space of kth party, and MaAx , M
b
By
, and McCz are the local
measurement operators which are in general positive operator
valued measurements (POVMs). Here dimension of each lo-
cal Hilbert spaceHK is arbitrary. In the following we consider
simulation of boxes P := P(abc|xyz) ∈ L2 with C2 ⊗ C2 ⊗ C2
quantum states, i.e., three-qubit states. Interestingly, we find
that there exist P ∈ L2 which allow a C2 ⊗ C2 ⊗ C2 quan-
tum simulation only if the quantum states possess some sort
of genuine quantum correlations measured in terms of gen-
uine quantum discord [14–16]. And in this sense we say that
the studied correlations contain genuine nonclassicality (note
that this goes beyond the conventional nonlocality paradigm).
III. SVETLICHNY STRENGTH AND MERMIN
STRENGTH
In this section, we introduce the quantities Svetlichny
strength (SS) and Mermin strength (MS), which can be
nonzero even for boxes admitting LHV model. In the case of
local boxes arising from three-qubit states (i.e., boxes which
can be simulated by C2 ⊗C2 ⊗C2 quantum systems), nonzero
SS and nonzero MS characterize genuine nonclassicality. Cor-
relations having nonzero SS we call Svetlichny nonclassical
and similarly Mermin nonclassical whenever MS is nonzero.
For the purpose of our study, we restrict ourselves in a sub-
polytope called Svetlichny-box polytope which we describe
below.
A. Svetlichny-box polytope
The Svetlichny-box polytope denoted R has 128 extremal
boxes which are the Svetlichny boxes, the bipartite PR-boxes
and the deterministic boxes. Any box P := P(abc|xyz) ∈ R
can be written as a convex mixture of these extremal boxes,
4Svetlichny box
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FIG. 1. A three-dimensional representation of the Svetlichny-box
polytope is shown here. The fully deterministic boxes are repre-
sented by the circular points on the hexadecagon. The bipartite PR-
boxes are represented by the circular points on the octagon. The
circular point on the top represents the Svetlichny box. The region
that lies above the hexadecagon and below the octagon represents the
two-way local region. The region below the curved surface contains
quantum boxes and the point on this curved surface represents the
quantum box that achieves maximal Svetlichny nonlocality. The star
and square points represent Mermin boxes with maximally and non-
maximally mixed bipartite marginals, respectively. The triangular re-
gion (shown by dotted lines) which is a convex hull of the Svetlichny
box, the Mermin box and white noise illustrates Result 2 in the main
text: any point that lies inside the triangle can be decomposed into
Svetlichny box, the Mermin box and white noise. The circular point
at the center of the hexadecagon is the isotropic Svetlichny-box with
pS v = 12 which can be decomposed as an equal mixture of the 16 de-
terministic boxes or an equal mixture of two Mermin boxes. Note
that this figure is illustrative and inspired by the figure depicting
the PR-box polytope given in Ref. [28]; the actual polytope is 26-
dimensional.
i.e.,
P =
15∑
i=0
piPiS v +
15∑
i=0
qiPi12 +
15∑
i=0
riPi13 +
15∑
i=0
siPi23 +
63∑
j=0
t jP
j
D,
(10)
with
∑
i pi +
∑
i qi +
∑
i ri +
∑
i si +
∑
j t j = 1. Here, P
j
D, P
i
12, and
PiS v are the boxes given in Eqs. (4), (6), and (7), respectively,
with i = 23α + 22β + 21γ + 20 and j = 25α + 24β + 23γ +
22 + 21ζ + 20η. The Svetlichny-box polytope can be divided
into a Svetlichny nonlocal region and the two-way local poly-
tope. We have that L ⊂ L2 ⊂ R ⊂ N . Diagrammatically the
Svetlichny-box polytope is shown in Fig. 1.
B. Svetlichny strength
We consider isotropic Svetlichny-box defined as
P =
2 + abc(−1)xy⊕xz⊕yz⊕x⊕y⊕zµ
16
; 0 < µ ≤ 1. (11)
The above box violates the Svetlichny inequality (given in Eq.
(8)) for µ > 12 , and for µ ≤ 12 it is fully local as in this range
the correlation does not violate any Bell inequality 1. This
implies that for µ ≤ 1/2, the isotropic Svetlichny-box can
be decomposed in a convex mixture of the local deterministic
boxes alone. However, the box (11) can be expressed as the
mixture
P = pS vP0000S v + (1 − pS v)PN ; 0 < pS v ≤ 1, (12)
with pS v = µ. Here, PN is the maximally mixed box, i.e.,
PN(abc|xyz) = 1/8 for all x, y, z, a, b, c. We can see that even
when the isotropic Svetlichny-box is local, it has nonvanishing
Svetlichny-box weight pS v originating from Svetlichny nonlo-
cality for any µ > 0 (as it lies on the line segment joining the
Svetlichny-box and white noise). We call the maximal such
irreducible weight of the Svetlichny-box, which occurs above
a Svetlichny-local box even in the case of two-way local and
fully local boxes, Svetlichny strength.
Consider the modulus of the Svetlichny functions in Eq.
(8), i.e., Sαβγ := |Sαβγ |. For any isotropic Svetlichny-box,
P = pS vP
αβγ
S v + (1 − pS v)PN ; 0 < pS v ≤ 1, (13)
it can be checked that one of the Svetlichny functions
Sαβγ(P) = 8pS v and the others take the value zero. Any
such isotropic Svetlichny-box is an unequal mixture of the
Svetlichny-box PαβγS v and the anti-Svetlichny-box P
αβγ⊕1
S v
whose uniform mixture gives white noise, i.e., the box can
also be decomposed as P = 1+pS v2 P
αβγ
S v +
1−pS v
2 P
αβγ⊕1
S v . Thus,
we see that nonzero value of the quantity Sαβγ(P) measures
the Svetlichny strength of any isotropic Svetlichny-box (13).
By using the Svetlichny functions Sαβγ, we now introduce
a quantity denoted G which is defined as
G := min{G1, ...,G9}, (14)
where G1 :=
∣∣∣∣∣∣∣∣|S000 − S001| − |S010 − S011|∣∣∣∣ − ∣∣∣∣|S100 − S101| −
|S110 − S111|
∣∣∣∣∣∣∣∣ and the other eight Gi are similarly defined and
can be obtained by interchanging Sαβγ’s in G1. The quan-
tity G satisfies the following properties: (g1) positivity, i.e.,
G ≥ 0, (g2) the bipartite PR-boxes and the deterministic boxes
have G = 0, (g3) G is invariant under LRO since the set {Gi}
is invariant under LRO, and (g4) the algebraic maximum of
G is achieved by the Svetlichny boxes, i.e., G = 8 for any
Svetlichny box.
1 A tripartite correlation P ∈ L2 is nonlocal iff it violates either a MI or a
Bell–Clauser-Horne-Shimony-Holt (CHSH) inequality [29, 30].
5By using the quantity G, we will now derive a canonical
decomposition for any box P ∈ R. Let a decomposition (10)
for P be
P =
15∑
i=0
giPiS v +
1 − 15∑
i=0
gi
 PS vL. (15)
In this decomposition, the Svetlichny-box components are
maximized over all possible decompositions such that the re-
maining Svetlichny-local box does not have any Svetlichny-
box component. We now express the first term in the decom-
position (15) as a sum of the Svetlichny-local boxes, PiS vL, and
a residual box, P↑Sv (the dominant Svetlichny-box), i.e.,
15∑
i=0
giPiS v = µP
↑
Sv +
15∑
i=1
piPiS vL. (16)
This is done by recursively rewriting the mixture of two dif-
ferent Svetlichny boxes, pPiS v + qP
j
S v (p > q), as the mixture
(p − q)PiS v + 2qPS vL, where PS vL ≡ (PiS v + P jS v)/2 which is
Svetlichny-local. Since finding the above residual decompo-
sition is not unique, µ in Eq. (16) can take different value for
different residual decomposition. The evaluation of G1 for the
mixture of the Svetlichny-boxes gives,
G1
 15∑
i=0
giPiS v

= 8
∣∣∣∣|∣∣∣∣|g0 − g1| − |g2 − g3|∣∣∣∣ − ∣∣∣∣|g4 − g5| − |g6 − g7|∣∣∣∣|
− |
∣∣∣∣|g8 − g9| − |g10 − g11|∣∣∣∣ − ∣∣∣∣|g12 − g13| − |g14 − g15|∣∣∣∣|∣∣∣∣. (17)
Thus, we see that G
(∑15
i=0 giP
i
S v
)
/8 gives the (minimal)
weight of the irreducible Svetlichny-box P↑Sv that occurs above
a Svetlichny-local box. For this reason, among all residual
decompositions as in Eq. (16) we take that particular decom-
position where µ = G
(∑15
i=0 giP
i
S v
)
/8. Plugging this minimal
residual decomposition in Eq. (15), we get the following de-
composition:
P = µP↑Sv + (1 − µ)P′S vL, (18)
where P′S vL =
1
1−µ
{∑15
i=1 piP
i
S vL +
(
1 −∑15i=0 gi) PS vL}. The
Svetlichny-local box in the decomposition (18) does not have
any nonzero (irreducible) dominant Svetlichny-box weight,
since µ isolates the maximal irreducible Svetlichny-box
weight of the correlation. Thus, we can state the following
canonical decomposition.
Result 1. Any box P that belongs to the Svetlichny-box poly-
tope has a decomposition of the following form:
P = µP↑Sv + (1 − µ)Pµ=0S vL, (19)
where P↑Sv is the dominant Svetlichny-box and P
µ=0
S vL is a
Svetlichny-local box which does not have any nonzero (irre-
ducible) dominant Svetlichny-box weight. The coefficient µ is
called the Svetlichny strength of the correlation.
The quantity SS is different from nonlocal cost which is
the well-known quantifier of nonlocality [23, 31]. Whereas
in the definition of nonlocal cost, one has to minimize some
particular pure nonlocal box fraction (e.g., for bipartite case
PR-box fraction, for tripartite case Svetlichny-box fraction)
over all possible decompositions, but to find SS one has to
minimize Svetlichny-box fraction only over all possible resid-
ual decompositions as in Eq. (16). Since for SS minimization
is performed over a restricted set of decompositions in com-
parison to the case of nonlocal cost, SS can be nonzero even
when nonlocal cost (in this case Svetlichny-nonlocal cost) of
a correlation is zero. For instance, the box (11) which has
Svetlichny-nonlocal cost CS nl(P) = 2pS v − 1 has SS µ = pS v
which is nonzero even if the box is fully local.
Proposition 1. If a box has G = 0, then it necessarily has SS
µ = 0.
Proof. The statement of this proposition follows from the fact
that for any P as given by the decomposition (15), SS µ =
G
(∑15
i=0 giP
i
S v
)
/8. 
It should be noted that there can be boxes which do not have
SS, but nevertheless, have G > 0. For those boxes which lie
on the line segment joining a Svetlichny-box and a Svetlichny-
local box with G = 0, the quantities SS and G are related to
each other as follows.
Proposition 2. For any given box P ∈ R which has a decom-
position of the form,
P = µP↑Sv + (1 − µ)PG=0S vL , (20)
the quantities G defined in Eq. (14) and the SS satisfy the
relationship G(P) = 8µ.
Proof. The nonextremal boxes in the two-way local polytope
can have the following three types of decompositions due to
the convexity of R: (i) a convex mixture of two G = 0 boxes,
(ii) a convex mixture of two G > 0 boxes, and (iii) a convex
mixture of a G > 0 box and a G = 0 box. Since certain
convex mixture of the G = 0 boxes (G > 0 boxes) have G > 0
(G = 0),G is, in general, not linear for the two decompositions
(i) and (ii). However, G is linear for the decomposition (iii)
which implies that the box given by the decomposition (20)
has G(P) = µG
(
P↑Sv
)
+ (1 − µ)G
(
PG=0S vL
)
= 8µ. 
Proposition 3. The Svetlichny strength µ of any box is invari-
ant under LRO and permutations of the parties.
Proof. The statement of this proposition follows from the fact
that G is invariant under LRO and permutations of the parties.

C. Mermin strength
Likewise SS, here we define another quantity called Mer-
min strength. For this purpose, we require the Mermin in-
equalities [18, 25]. MIs are the Bell-type inequalities which
6can detect two-way local boxes while SIs fail to do so. For the
tripartite scenario, MIs are given by,
Mαβγ = (α⊕ β⊕ γ⊕ 1)M+αβγ + (α⊕ β⊕ γ)M−αβγ ≤ 2, (21)
where M+αβγ := (−1)γ⊕ 〈A0B0C1〉 + (−1)β⊕ 〈A0B1C0〉 +
(−1)α⊕ 〈A1B0C0〉 + (−1)α⊕β⊕γ⊕⊕1 〈A1B1C1〉 and
M−αβγ := (−1)α⊕β⊕⊕1 〈A1B1C0〉 + (−1)α⊕γ⊕⊕1 〈A1B0C1〉 +
(−1)β⊕γ⊕⊕1 〈A0B1C1〉 + (−1) 〈A0B0C0〉. By using the modu-
lus of the Mermin functions in Eq. (21), i.e.,Mαβγ := |Mαβγ |,
we introduce a quantity denoted Q which is defined as
Q := min{Q1, ...,Q9}, (22)
whereQ1 :=
∣∣∣∣∣∣∣∣|M000−M001|−|M010−M011|∣∣∣∣−∣∣∣∣|M100−M101|−
|M110−M111|
∣∣∣∣∣∣∣∣ and the other eightQi are similarly defined and
can be obtained by interchangingMαβγ’s in Q1. The quantity
Q satisfies the following properties: (q1) positivity, i.e.,Q > 0,
(q2) Q = 0 for the Svetlichny-boxes, bipartite PR-boxes and
deterministic boxes, (q3) Q is invariant under LRO since the
set {Qi} is invariant under LRO, (q4) the algebraic maximum
of the quantity Q is 4, and boxes achieving this algebraic max-
imum value we call Mermin box. As shown in [26], the box
PmmM which is the uniform mixture of the two Svetlichny boxes
P0000S v and P
1110
S v exhibits Greenberger-Horne-Zeilinger (GHZ)
paradox [32]. It turns out that for the box PmmM the quantity Q
takes the value 4 (hence it is an example of Mermin box) while
G = 0 for this box, here the superscript ‘mm’ is used to denote
the fact that all the bipartite marginals are maximally mixed
(mm), i.e., the white noise distribution. We also note that PmmM
allows a two-way local decomposition given as follows:
PmmM =
1
4
4∑
λ=1
Pλ(a|x)Pλ(bc|yz), (23)
where P1(a|x) = δxa⊕x, P2(a|x) = δxa⊕x⊕1, P3(a|x) = δxa⊕1,
P4(a|x) = δxa, P1(bc|yz) = P110PR (bc|yz), P2(bc|yz) = P111PR (bc|yz),
P3(bc|yz) = P001PR (bc|yz) and P4(bc|yz) = P000PR (bc|yz). This
shows that correlations exhibiting the GHZ paradox are two-
way local 2. However, there also exist Mermin boxes (i.e.,
boxes with Q = 4) which do not have maximally mixed bipar-
tite marginals. One such example is,
PnmmM =
1
2
2∑
λ=1
Pλ(a|x)Pλ(bc|yz), (24)
where P1(a|x) = δxa⊕x, P2(a|x) = δxa⊕1, P1(bc|yz) = P110PR (bc|yz),
and P2(bc|yz) = P001PR (bc|yz). Likewise the fact that a
Svetlichny box violates only one of the SIs, a Mermin box
violates only one of the MIs.
We consider isotropic Mermin-box defined as
P =
1 + abcδx⊕y,zν
8
; 0 < µ ≤ 1. (25)
2 The other 15 two-way local boxes that exhibit the GHZ paradox can be
obtained from the box (23) by LRO.
The above box is two-way local for ν > 12 as it violates the
Mermin inequality (given in Eq. (21)) in this range, and for
ν ≤ 12 it is fully local as in this range the correlation does not
violate any Bell inequality. This implies that for ν ≤ 1/2, the
isotropic Mermin-box can be decomposed in a convex mixture
of the local deterministic boxes alone. However, it can be
decomposed in a convex mixture of the Mermin box PmmM =
1
2
(
P0000S v + P
1110
S v
)
and white noise for any ν > 0 as follows:
P = pMPmmM + (1 − pM)PN ; 0 < pM ≤ 1, (26)
with pM = ν. We can see that even when the isotropic
Mermin-box is local, it has nonvanishing Mermin-box weight
pM originating from nonlocality for any µ > 0 (as it lies on
the line segment joining the Mermin-box and white noise).
We call the maximal such irreducible Mermin-box weight,
which dominates over a Svetlichny-local/nonlocal box even in
the case of fully local boxes, Mermin strength. The isotropic
Mermin-box has MS ν = pM , whereas nonlocal cost [31] (in
this case Mermin-nonlocal cost) CMnl(P) = (2pM − 1).
We are now in a position to obtain a more general version
of Result 1.
Result 2. Any box P ∈ R has a decomposition of the following
form:
P = µP↑Sv + νP
↑
GM + (1 − µ − ν)Pµ=ν=0S vL , (27)
where P↑GM is a dominant Mermin box which satisfies a de-
composition in terms of a PmmM and 12 different P
nmm
M ’s and
Pµ=ν=0S vL is a box which does not have the irreducible dominant
Svetlichny-box and Mermin-box weights. As already men-
tioned in Result 1 the coefficient µ is called the Svetlichny
strength of the correlation P, and we call the coefficient ν the
Mermin strength of the given correlation.
Proof. Note that any Svetlichny-local box with SS equals to
zero can be decomposed in a convex mixture of a dominant
Mermin-box and a box which does not have any irreducible
dominant Svetlichny-box and Mermin-box components as in
Eq. (A2). Thus by decomposing the Svetlichny-local box
in the canonical decomposition (19) as in Eq. (A2), we get
the decomposition of the form given in Eq. (27) with ν =
ζ(1 − µ). 
Proposition 4. If a box has Q = 0, then it necessarily has
Mermin strength ν = 0.
Proof. Notice that for any P as given by the decomposition
(27), MS ν = (1 − µ)Q
(∑15
i=0 wiP
i
GM
)
/4, where
∑15
i=0 wiP
i
GM is
the term that appears in the decomposition of Pµ=0S vL as given in
Eq. (A4). Therefore, boxes with Q = 0 necessarily have MS
ν = 0. 
It should be noted that there can be boxes which do not have
MS, but nevertheless, have Q > 0. For those boxes which lie
on the line segment joining a Mermin-box and a Svetlichny-
nonlocal/local box with Q = 0, the quantities Q and MS are
related to each other as follows.
7Proposition 5. For any given box P ∈ R which has a decom-
position of the form,
P = µP↑Sv + νP
↑
GM + (1 − µ − ν)Pµ=Q=0S vL , (28)
the quantities Q defined in Eq. (22) and the MS satisfy the
relationship Q(P) = 4ν.
Proof. We rewrite any box P ∈ R as given by the decomposi-
tion (28) as the convex mixture
P = νP↑GM + (1 − ν)PQ=0, (29)
where PQ=0 := 11−ν
(
(1 − µ − ν)Pµ=Q=0S vL + µP↑Sv
)
which is a
Svetlichny-nonlocal/local box with Q = 0. Note that the set
of Q = 0 boxes is nonconvex, i.e., certain convex combination
of the Q = 0 boxes can have Q > 0. Also there are Q = 0
boxes which can be written as a convex mixture of two Q > 0
boxes. Thus, Q is not linear for these two types of decompo-
sition. However, Q is linear for the decomposition as given
in Eq. (29) since the convex mixture of a Q > 0 box and a
Q = 0 box is always a Q > 0 box. Therefore, the box (29) has
Q(P) = νP↑GM + (1 − ν)Q(PQ=0) = 4ν. 
Proposition 6. The Mermin strength ν of any box is invariant
under LRO and permutations of the parties.
Proof. The statement of this proposition follows from the fact
that G and Q are invariant under LRO and permutations of the
parties. 
With the quantities SS and MS, in the following section we
will study the nonclassicality present in two-way local and
fully local correlations in the restricted local Hilbert-space di-
mensional quantum simulation of those correlations.
IV. NONCLASSICALITY BEYOND THE NONLOCALITY
PARADIGM
Here we will show that for simulating a tripartite correla-
tion having either nonzero SS or nonzero MS by a three qubit
quantum state, it requires that the state must possess genuine
nonclassicality either in the form of genuine discord [14–16]
or in the form of genuine entanglement. Before presenting the
most general case, we first discuss two pure case scenarios.
A. GHZ-class states
The GHZ-class states which have bipartite entanglement
between A and B are given as follows:
|ψgs〉 = cos θ|000〉 + sin θ|11〉
{
cos θ3|0〉 + sin θ3|1〉
}
. (30)
For this class of states the genuine tripartite entanglement is
quantified by the three-tangle [33], τ3 = (sin 2θ sin θ3)2, and
the bipartite entanglement is quantified by the concurrence
[34], C12 = sin 2θ cos θ3. To study the nonclassicality of
boxes arising from this class of states, we restrict ourselves
to projective measurements, i.e., Alice, Bob, and Charlie per-
form projective measurements denoted by aˆi.~σ, bˆ j.~σ, and cˆk.~σ
respectively on their subsystems. Here, aˆi, bˆ j, and cˆk are
unit Bloch vectors denoting the measurement directions and
~σ = {σ1, σ2, σ3}, with {σi}i=1,2,3 being the Pauli matrices and
i, j, k ∈ {0, 1}.
Svetlichny nonclassicality: Let us choose the follow-
ing particular measurements: aˆ0 = xˆ, aˆ1 = yˆ; bˆ j =
1√
2
(
xˆ + (−1) j⊕1yˆ
)
; cˆ0 = xˆ, cˆ1 = yˆ. It can be checked that
for this particular set of measurements, boxes arising from
the GHZ-class states satisfy a decomposition of the following
form:
P =
√
τ3√
2
P0000S v +
(
1 −
√
τ3√
2
)
PG=0S vL . (31)
The box PG=0S vL which has nonmaximally mixed marginals be-
comes white noise for θ3 = pi/2 (the GGHZ states). Also
tedious but straightforward calculation gives G = 4√2τ3 for
these boxes. The correlations (31) exhibit Svetlichny nonlo-
cality when the three-tangle τ3 > 1/2 and for τ3 ≤ 1/2 it
has no genuine nonlocality. Also note that these correlations
are two-way local for C12 > 1/
√
2 and τ3 ≤ 1/2. However
for 0 < τ ≤ 1, these correlations are Svetlichny nonclassical
since they have nonzero SS.
Mermin nonclassicality: Let us choose the following par-
ticular measurements: aˆ0 = bˆ0 = cˆ0 = xˆ, aˆ1 = bˆ1 = cˆ1 = yˆ.
Boxes arising from this set of measurements on the GHZ-class
states belong to L2 and they have G = 0 and Q = 4√τ3 and it
has a decomposition of the form given in Result 2 as follows:
P =
√
τ3PGM +
(
1 − √τ3
)
PG=Q=0L
=
√
τ3
P0000S v + P1110S v2
 + (1 − √τ3) PG=Q=0L . (32)
The box PG=Q=0L which in this case is a fully local box and
has nonmaximally mixed marginals in general becomes white
noise for the GGHZ states. These correlations are nonlocal
when the three-tangle τ3 > 1/4, otherwise they are fully lo-
cal. However for 0 < τ ≤ 1, these correlations are Mermin
nonclassical since they have nonzero MS.
In Ref. [35], the author has derived two tripartite steer-
ing inequalities to detect two types of genuine steering which
are called Svetlichny steering and Mermin steering. It was
demonstrated that the correlations which exhibit Svetlichny or
Mermin steering detect genuine entanglement of C2 ⊗C2 ⊗Cd
systems. It is noted that the boxes (31) exhibit Svetlichny
steering for SS µ > 1/4, whereas the boxes (32) exhibit Mer-
min steering for MS ν > 1/4. This implies that in this range,
genuine entanglement is necessary for simulating these corre-
lations by using C2 ⊗ C2 ⊗ C2 systems, even if the boxes (31)
do not violate the SI and the boxes (32) do not violate the MI
more than 2
√
2.
It is noted that there are correlations arising from the GHZ-
class states which exhibit genuine nonlocality, but neverthe-
less, have SS µ = 0 (see Appendix B).
Svetlichny-Mermin nonclassicality: For the state dependent
measurement setting aˆ0 = xˆ, aˆ1 = yˆ; bˆ0 = xˆ sin 2θ − yˆ cos 2θ,
8bˆ1 = xˆ cos 2θ + yˆ sin 2θ; cˆ0 = xˆ, cˆ1 = yˆ, we find that the
correlations arising from the GGHZ states (i.e., states with
θ3 = pi/2 in Eq. (30)) admit a decomposition of the form
given in Result 2:
P =
G
8
P0000S v +
Q
4
P0000S v + P111γS v2
 + (1 − G8 − Q4
)
PN . (33)
Here,
G =
{
8τ3 when 0 ≤ θ ≤ pi8
8
√
τ3(1 − τ3) when pi8 ≤ θ ≤ pi4 ,
Q = 4
∣∣∣∣τ3 − √τ3(1 − τ3)∣∣∣∣
and PN is the white noise which has G = Q = 0. In Eq. (33),
γ = 0 for 0 ≤ θ ≤ pi8 and γ = 1 otherwise.
B. W-class states
Consider the W-class states given by the following form:
|ψw〉 = µ1 |100〉 + µ2 |010〉 + µ3 |001〉 , (34)
where µi ≥ 0 and ∑3i=1 µ2i = 1. These states have the three-
tangle τ3 = 0 and have all the three bipartite concurrences
nonzero: C12 = 2µ1µ2, C13 = 2µ1µ3 and C23 = 2µ2µ3.
The W-class states have minimal concurrence of assistance
[36] Camin := min{C12,C13,C23}, which can be considered
as a genuine tripartite entanglement measure of this class of
states. Interestingly, we find a relationship between nonzero
Svetlichny/Mermin strength of the boxes arising from the W-
class states and Camin.
Svetlichny nonclassicality: Consider the following mea-
surements: aˆ0 = zˆ, aˆ1 = xˆ; bˆ j = 1√2
(
zˆ + (−1) j⊕1 xˆ
)
; cˆ0 = zˆ, cˆ1 =
xˆ. For this setting the correlations arising from the W-class
states violate the Svetlichny inequality when C12 +C13 +C23 >
2
√
2−1, showing Svetlichny nonlocality and hence Svetlichny
nonclassicality 3. We find that these correlations satisfy a de-
composition of the following form:
P =
Camin√
2
P0100S v +
(
1 − C
a
min√
2
)
PG=0S vL . (35)
Straightforward calculation for this correlation gives G =
4
√
2Camin which can be nonzero (hence have Svetlichny non-
classicality) even when it does not violate a SI.
Mermin nonclassicality: Let us choose the following set of
measurements: aˆ0 = bˆ0 = cˆ0 = zˆ, aˆ1 = bˆ1 = cˆ1 = xˆ.
Correlations arising from this setting for the W-class states
3 At this point we wish to draw the attention to an interesting observa-
tion. Correlation obtained from some particular state and particular setting
showing optimal Svetlichny nonlocality may not show optimal Svetlichny
nonclassicality for the same state with same setting. We calculate G for the
optimal Svetlichny nonlocal setting for the W-class provided in Ref. [37]
and find that it is less than that of the correlations in Eq. (35).
exhibit Mermin nonlocality iff C12 + C13 + C23 > 1. For these
correlations it turns out that Q = 4Camin and the correlations
can be decomposed as
P = Camin
P0001S v + P1111S v2
 + (1 −Camin) PQ=0S vL . (36)
In this case we have PQ=0S vL ∈ L. As shown for the GHZ-class,
here also one can find example of boxes arising from W-class
states having G , 0 , Q.
All the examples discussed above establish the fact that if
the correlations arising from three-qubit systems have nonzero
SS or nonzero MS, then the states would necessarily have gen-
uine quantumness. In what follows, we present our main re-
sult that shows the converse, i.e., three-qubit states with no
genuine quantumness can never give rise to correlations hav-
ing either nonzero SS or nonzero MS.
C. Three-qubit states without genuine quantumness have
S S = MS = 0
Before presenting our result, we first briefly discuss about
the genuine quantumness of tripartite states. Quantumness in
states is a vastly studied issue in quantum information theory
and commonly captured by the quantity entanglement [38].
However, there exist unentangled quantum states that give rise
to advantage for certain bipartite quantum information tasks
[10, 11]. This uphold the study of quantumness in states that
goes beyond the standard regime of entanglement. In the bi-
partite scenario quantum discord, introduced in [7] (see also
[9]), is one way to capture such quantumness in states. In the
multipartite scenario, recently Giorgi et. al. [14] generalized
the notion of quantumness and they defined genuine multipar-
tite quantum discord. The genuine multipartite quantum dis-
cord estimates the quantum part of genuine multipartite cor-
relations.
A bipartite quantum state shared by Alice and Bob has zero
quantum discord (A to B) iff it cannot be written in the form
of classical-quantum (CQ) state, i.e., ρCQ =
∑
i pi|i〉A〈i| ⊗ ρBi ,
where {|i〉}i is some orthonormal basis of Alice’s Hilbert space
HA and ρi are arbitrary quantum states [12, 13]. Quantum-
classical (QC) states have similar form but with permutation
of the parties’ indices A and B. Bipartite states which are
neither CQ nor QC are called quantum-quantum (QQ) states.
A tripartite state ρbs is biseparable if it can be written as a
convex mixture of the states that are separable with respect to
some partition, i.e.,
ρbs =
∑
k
pkρAk ⊗ ρBCk +
∑
k
qkρABk ⊗ ρCk +
∑
k
rkρACk ⊗ ρBk , (37)
with
∑
k pk +
∑
k qk +
∑
k rk = 1. Let us consider the set S 0 :={
ρA|BCsep , ρ
AB|C
sep , ρ
AC|B
sep
}
of the three-qubit states, where
ρA|BCsep =
∑
i
piρAi ⊗ ρBCi , (38)
with the bipartite marginals TrB
[
ρA|BCsep
]
and TrC
[
ρA|BCsep
]
are ei-
ther a CQ state or a QC state; and ρAB|Csep and ρ
AC|B
sep are defined
9analogously. States which are not in this form must have quan-
tum correlation shared among all three subsystems. In Ref.
[14], Giorgi et. al. defined genuine tripartite quantum dis-
cord to capture the quantumness shared among all the parties.
The fully separable states which are CQ states with respect to
the bipartite cut A versus BC can be decomposed as
ρA|BCCQ =
∑
i
pi|i〉A〈i| ⊗ ρBi ⊗ ρCi , (39)
where {|i〉A}i is some orthonormal basis of Alice’s Hilbert
space HA. The QC states ρAB|CQC and ρAC|BQC with respect to the
other two bipartite cuts are defined similarly. The CQ and
QC states defined above do not have nonzero genuine quan-
tum discord since one of the subsystems is always classically
correlated with the other two subsystems. Notice that the set
of CQ and QC states forms a proper subset of the set S 0 de-
fined above. Let us denote S NG as the set of all biseparable
states which do not have genuine tripartite quantum correla-
tions and we have that S NG ⊆ S 0. We will now demonstrate
that the three-qubit states that belong to the set S 0 cannot be
used to demonstrate nonzero SS or nonzero MS.
A multipartite quantum state is said to possess genuine
multipartite correlations when it is nonproduct in every bi-
partite cut [39]. From this perspective, genuine multipartite
quantum discord was defined to quantify genuine multipar-
tite quantum correlations in quantum states [14–16]. Anal-
ogously, we say that a tripartite box possesses genuine tri-
partite correlations when it cannot be written as a product
of marginals corresponding to any two parties and the third
party, i.e., P(abc|xyz) , P(a|x)P(bc|yz), and permutations. It
is noted that the boxes which have nonzero SS or nonzero MS
have genuine tripartite correlations. Therefore, any bisepara-
ble state of the form ρ = ρAB⊗ρC or any other permutation can
never give rise to nonzero SS or nonzero MS for all possible
measurements.
We are now interested in mixed three-qubit states ρ ∈
S 0 which have genuine tripartite correlations. Consider the
states,
ρAB|Csep =
∑
i
qiρABi ⊗ ρCi , (40)
which are the permutation of the states as given in Eq. (38).
It is noted that in the case of pure genuinely entangled states,
optimal nonzero SS or nonzero MS is achieved when the num-
ber of nonzero Svetlichny functions Sαβγ or Mermin functions
Mαβγ is minimized over all possible projective measurements
that give rise to G > 0 or Q > 0. Thus, for the purpose of
demonstrating that the states (40) cannot give rise to nonzero
SS or nonzero MS, we will now check whether these states
give rise to G > 0 or Q > 0 for the projective measurements
that maximize minimal number of nonzero Svetlichny func-
tions or nonzero Mermin functions. For the states (40), the
expectation value factorizes as follows:
〈AxByCz〉 =
∑
i
qi 〈AxBy〉i 〈Cz〉i . (41)
This implies that the quantity G1 appearing in the right-hand
side of Eq. (14) factorizes as follows:
G1 = |
∣∣∣∣
∣∣∣∣∣∣∣∑i qi
{
Bi000 〈C0〉i + Bi111 〈C1〉i
}∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∑i qi
{
Bi000 〈C0〉i − Bi111 〈C1〉i
}∣∣∣∣∣∣∣
∣∣∣∣
−
∣∣∣∣
∣∣∣∣∣∣∣∑i qi
{
Bi000 〈C1〉i+ Bi111 〈C0〉i
}∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∑i qi
{
Bi000 〈C1〉i − Bi111 〈C0〉i
}∣∣∣∣∣∣∣
∣∣∣∣
− |
∣∣∣∣
∣∣∣∣∣∣∣∑i qi
{
Bi010 〈C0〉i + Bi100 〈C1〉i
}∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∑i qi
{
Bi010 〈C0〉i − Bi100 〈C1〉i
}∣∣∣∣∣∣∣
∣∣∣∣
−
∣∣∣∣
∣∣∣∣∣∣∣∑i qi
{
Bi010 〈C0〉i + Bi100 〈C1〉i
}∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∑i qi
{
Bi010 〈C1〉i − Bi100 〈C0〉i
}∣∣∣∣∣∣∣
∣∣∣∣|. (42)
Here, Biαβγ are the Bell-CHSH operators having the following
expressions [29, 30]:
Bαβγ := (−1)γ 〈A0B0〉 + (−1)β⊕γ 〈A0B1〉
+ (−1)α⊕γ 〈A1B0〉 + (−1)α⊕β⊕γ⊕1 〈A1B1〉 .
In Eq. (42), Biαβγ and 〈Cz〉i are evaluated for ρiAB and ρiC given
in Eq. (40). Let us now try to maximize minimal number of
nonzero Svetlichny functions with respect to ρAB|Csep in which
ρiAB are QQ states. Since the four Bell-CHSH operators Biαβγ
in Eq. (42) are evaluated for the QQ states, we can find suit-
able projective measurements on Alice and Bob’s sides that
give rise to nonzero for only one of Biαβγ [40, 41]. For some
measurements on Alice and Bob’s sides that have this prop-
erty, it is readily seen that G1 = 0 for any choice of measure-
ments on Charlie’s side. Therefore, we can conclude that the
biseparable states ρAB|Csep do not give rise to nonzero SS for any
choice of projective measurements.
To give evidence for the above claim, we consider the fol-
lowing biseparable states which have genuine tripartite corre-
10
lations:
ρ = p|ψ+〉AB〈ψ+| ⊗ |0〉C〈0| + (1 − p)|ψ−〉AB〈ψ−| ⊗ |+x〉C〈+x|,
(43)
where p ≥ 1/2, |ψ+〉 = 1√
2
(|00〉 + |11〉), |ψ−〉 = 1√
2
(|00〉 −
|11〉) and |+x〉 = 1√2 (|0〉 + |1〉). For the above state and for the
measurements aˆ0 = xˆ, aˆ1 = yˆ; bˆ j = 1√2
(
xˆ + (−1) j⊕1yˆ
)
on Alice
and Bob’s sides, it can be checked that the four Svetlichny
functions are maximized and the other four are zero and these
values give G1 = 0.
Similarly, it can be demonstrated that MS cannot be
nonzero for the states ρAB|Csep as given in Eq. (40) in which ρiAB
are QQ states by exploiting the factorization property in Eq.
(41). Since G and Q are symmetric under the permutations
of the parties, the states ρA|BCsep and ρ
AC|B
sep which have genuine
tripartite correlations and quantum correlations between two
subsystems do not give rise to G > 0 or Q > 0 for the above
type of measurement scenario. Thus, we can state the follow-
ing our main result:
Result 3. When the measured quantum state is restricted to
be that of a three-qubit system, genuine quantumness as cap-
tured by the notion of genuine quantum discord is necessary
for demonstrating nonzero SS or nonzero MS for projective
measurements.
Remark 1. Suppose a given biseparable or fully separable
state can give rise to nonzero SS or nonzero MS. Then the
state cannot be written in the form of the separable states in
the set S 0 and has a decomposition as follows:
ρ= t1ρA|BCsep + t2ρ
AB|C
sep + t3ρ
AC|B
sep , (44)
which is a mixture of the separable states in S 0 with more than
one coefficient t1, t2, t3 nonzero.
As an illustration, we consider a fully separable state which
is neither a CQ state nor a QC state. The state is given as
follows:
ρ =
1
4
{ΠAx ⊗ ΠBx ⊗ ΠCx + ΠAx ⊗ ΠBy ⊗ ΠCy
+ ΠAy ⊗ ΠBy ⊗ ΠCx + ΠAy ⊗ ΠBx ⊗ ΠCy }, (45)
where Πx = |+x〉〈+x| and Πy = |+y〉〈+y| are the eigenstates
of σx and σy, respectively. For the measurements that give
rise to the box (31), the above state gives rise to the isotropic
Svetlichny-box (11) with SS µ = 1/4. Note that the state
(45) admits a decomposition of the form given in Eq. (44) as
follows:
ρ =
1
6
{ΠAx ⊗ ρBC1 + ΠAy ⊗ ρBC2 + ρAB1 ⊗ ΠCx + ρAB2 ⊗ ΠCy
+ ρAC1 ⊗ ΠBx + ρAC2 ⊗ ΠBy }, (46)
where ρBC1 := (Π
B
x ⊗ ΠCx + ΠBy ⊗ ΠCy )/2, ρBC2 := (ΠBx ⊗ ΠCy +
ΠBy ⊗ ΠCx )/2, ρAC1 := (ΠAx ⊗ ΠCx + ΠAy ⊗ ΠCy )/2, ρAC2 := (ΠAx ⊗
ΠCy + Π
A
y ⊗ΠCx )/2, ρAB1 := (ΠAx ⊗ΠBx + ΠAy ⊗ΠBy )/2 and ρAB2 :=
(ΠAx ⊗ ΠBy + ΠAy ⊗ ΠBx )/2 which are all QQ states.
V. CONCLUSIONS
In this work, we have studied quantum simulation of tri-
partite correlations with restricted local Hilbert-space dimen-
sions, in particular, we have considered C2⊗C2⊗C2 quantum
systems. We have proposed two quantities of interest, called
Svetlichny strength and Mermin strength, which capture gen-
uine nonclassicality in correlations beyond the standard non-
locality paradigm. We find that in the restricted simulation
scenario, fully local and two-way local correlations having
nonzero Svetlichny strength or nonzero Mermin strength must
require the presence of genuine quantumness in the three-
qubit states that are used to simulate those correlations. For
the Svetlichny-box polytope which is a proper subpolytope of
full tripartite nonsignaling polytope, we have derived a canon-
ical decomposition and characterized the scenarios how gen-
uine nonclassicality is manifested in the correlations of these
canonical form.
This work motivates an interesting question for future re-
search. In Ref. [35], the author has demonstrated that the tri-
partite correlations which exhibit Svetlichny steering or Mer-
min steering detect genuine entanglement in a semi-device-
independent way (i.e., by assuming only the local Hilbert-
space dimensions and without any assumptions on the mea-
surements performed). Similarly, it would be interesting to
show that the two-way local and fully local correlations that
have nonzero Svetlichny strength or nonzero Mermin strength
detect genuine quantum discord in a semi-device-independent
way.
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Appendix A: Derivation of Result 2
Lemma 1. A two-way local box that has Q = 4 is, in general,
a convex combination of a PmmM and 12 different P
nmm
M ’s, i.e.,
PGM = uPmmM +
12∑
i=1
viPnmmMi . (A1)
All the Mermin-boxes in this decomposition violate the same
Mermin inequality as they all have same values for 〈AxByCz〉.
Proof. Notice that any convex mixture of the two Mermin
boxes given in Eqs. (23) and (24) has Q = 4. It can be
checked that there can be four Mermin boxes which are the
uniform mixture of two bipartite PR-boxes in Eq. (23). The
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permutation of the parties’ indices in these boxes give rise to
the another 8 Mermin boxes. Since these 12 Mermin boxes
are equivalent with respect to 〈AxByCz〉, any convex mixture
of these 12 Mermin boxes and the Mermin box (23) again has
Q = 4. Similarly, any other maximally two-way local box
with Q = 4 is, in general, a convex mixture of the correspond-
ing 13 Mermin boxes. 
Lemma 2. Any Svetlichny-local box, Pµ=0S vL ∈ L2, which does
not have an irreducible dominant Svetlichny-box weight can
be written as the mixture
Pµ=0S vL = ζP
↑
GM + (1 − ζ)Pµ=ν=0S vL , (A2)
where Pµ=ν=0S vL is a Svetlichny-local box with irreducible domi-
nant Svetlichny-box and Mermin-box weights equal to zero.
Proof. Since the Mermin-boxes belong to the two-way local
polytope, we can express any box Pµ=0S vL ∈ L2 as a convex
mixture of the Mermin-boxes and a Svetlichny-local box that
does not have any Mermin-box component,
Pµ=0S vL =
15∑
i=0
uiPmmMi +
192∑
j=1
v jPnmmM j +
1 − 15∑
i=0
ui −
192∑
j=1
v j
 PS vL.
(A3)
It follows from Lemma 1 that the mixture of the Mermin
boxes in Eq. (A3) can be reexpressed as the mixture of the
16 different PGM’s that have Q = 4. Therefore, we simplify
the decomposition (A3) as follows:
Pµ=0S vL =
15∑
i=0
wiPiGM +
1 − 15∑
i=0
ui −
192∑
j=1
v j
 PS vL. (A4)
We now express the first term in the above decomposition
as a sum of the local boxes, PiL, and a residual box, P
↑
GM (the
dominant Mermin-box), i.e.,
15∑
i=0
wiPiGM = ζP
↑
GM +
15∑
i=1
liPiL. (A5)
This is done by recursively rewriting the mixture of two dif-
ferent Mermin-boxes as the mixture of the single Mermin-box
and a local box, i.e., pPiGM +qP
j
GM = (p−q)PiGM +2qPL. Here,
p > q and PL := 12
(
PiGM + P
j
GM
)
which is a local box. Since
finding the above residual decomposition is not unique, ζ in
Eq. (A5) can take different value for different residual decom-
position.
The evaluation of Q1 for the mixture of the Mermin-boxes
gives,
Q1
 15∑
i=0
wiPiGM

= 4
∣∣∣∣|∣∣∣∣|w0 − w1| − |w2 − w3|∣∣∣∣ − ∣∣∣∣|w4 − w5| − |w6 − w7|∣∣∣∣|
− |
∣∣∣∣|w8 − w9| − |w10 − w11|∣∣∣∣ − ∣∣∣∣|w12 − w13| − |w14 − w15|∣∣∣∣|∣∣∣∣.
(A6)
Thus, Q
(∑15
i=0 wiP
i
GM
)
/4 gives the (minimal) weight of the
irreducible Mermin-box that dominates over a local box.
For this reason, among all residual decompositions as in
Eq. (A5) we take that particular decomposition where ζ =
Q
(∑15
i=0 wiP
i
GM
)
/4. Plugging this minimal residual decompo-
sition in Eq. (A4), we get the following decomposition:
Pµ=0S vL = ζP
↑
GM + (1 − ζ)P′S vL, (A7)
where P′S vL =
1
1−ζ
{∑15
i=1 liP
i
L +
(
1 −∑15i=0 ui −∑192j=1 v j) PS vL}.
It is obvious that this box does not have any nonzero irre-
ducible dominant Mermin-box weight since the maximal irre-
ducible Mermin-box weight is isolated in ζ. 
Appendix B: Limitations of SS and MS as measures of genuine
nonclassicality
Bancal et. al. [27] conjectured that all genuinely entangled
pure states can give rise to three-way nonlocal correlations.
Bancal et. al. noticed that there are three-way nonlocal cor-
relations arising from the pure three-qubit states which do not
violate a Svetlichny inequality. This implies that these quan-
tum boxes do not belong to the three-way nonlocal region of
the Svetlichny-box polytope. In Ref. [42], it was shown that
all the GGHZ states |ψGGHZ〉 = cos θ |000〉+ sin θ |111〉 can be
used to demonstrate three-way nonlocality, which is witnessed
by violation of the class 99 facet inequality ofL2 given in Ref.
[27]. Consider the following class 99 facet inequality:
L992 = 〈A0B0〉+ 〈A0C0〉+ 〈B1C0〉+ 〈A1B0C1〉 − 〈A1B1C1〉 ≤ 3.
(B1)
The violation of this inequality by the GGHZ states is achiev-
able with the measurement setting aˆ0 = zˆ, aˆ1 = xˆ; bˆ j = cos tzˆ+
(−1) j sin txˆ; cˆ0 = zˆ, cˆ1 = xˆ, where cos t = 1/
√
1 + sin2 2θ.
For this setting, the correlations arising from the GGHZ states
have L992 = 1 + 2
√
1 + sin2 2θ > 3 for any τ3 > 0. For θ = pi4
(the GHZ state), the correlation violates the class 99 facet in-
equality to its quantum bound of 1 + 2
√
2. The box which
gives this violation can be written as a mixture of the class
8 extremal three-way nonlocal box given in the table of Ref.
[26] and a local box as follows:
P =
1√
2
P8 +
(
1 − 1√
2
)
PL. (B2)
Here, P8 is the extremal three-way nonlocal box that belongs
to the class 8 and PL is the local box arising from the state
ρ = ρAC ⊗ 12 , where ρAC = 12 (|00〉〈00| + |11〉〈11|) and 12 is the
maximally mixed state, for the above measurements. Since
the three-way nonlocality of the above correlation is due to the
class 8 extremal box, it does not violate a Svetlichny inequal-
ity. Therefore, the box in Eq. (B2) lies outside the Svetlichny-
box polytope and has G = Q = 0.
We also find that the correlations (35) violate the class
99 facet inequality when C13 + (C12 + C23) /
√
2 > 3 − √2.
Therefore the Svetlichny-local box part in Eq. (35), i.e., PG=0S vL
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must have nonzero fraction of class 8 extremal box. This im-
plies that whenever C13 + (C12 + C23) /
√
2 > 3 − √2 the cor-
relations (35) lie outside Svetlichny-box polytope and there-
fore these are the example of correlations P < R but having
nonzero SS.
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